Spring 2012 
EE 330 
ENGINEERING ELECTROMAGNETICS 


HW 8: Due Friday 16 March 
5.22, 5.40, 5.41, 6.7, 6.12, 6.16, 6.19, 6.23 


Problem 5.22 A long cylindrical conductor whose axis is coincident with the z-axis 
has a radius a and carries a current characterized by a current density J = zJo/r. 
where Jo is a constant and r is the radial distance from the cylinder’s axis. Obtain an 
expression for the magnetic field H for 


(a) O<r<a 
(b) r>a 


Solution: This problem is very similar to Example 5-5. 
(a) For 0 < rı < a, the total current flowing within the contour C; is 


27 ri ZJo rı 
I = |fs-as= | 7 (=) -(zrdrdo) =2n f Jo dr = 20r Jo. 
ġ=0 /r=0 r r=0 


Therefore, since Jı = 27%r;H;. Hı = Jo within the wire and H; = Jo. 
(b) For r > a, the total current flowing within the contour is the total current flowing 
within the wire: 


20 a ZJo a 
I= VERS =i f (=) (ar drdo) = 2n | Jo dr = 2naJp. 
ġ=0 Jr=0 r r=0 


Therefore, since J = 2mrHz, H = Joa /r within the wire and H? = ola Jr): 


Problem 5.40 The rectangular loop shown in Fig. P5.40 is coplanar with the long, 
straight wire carrying the current J = 20 A. Determine the magnetic flux through the 
loop. 
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Figure P5.40: Loop and wire arrangement for 
Problem 5.40. 


Solution: The field due to the long wire is, from Eq. (5.30), 


> Uol : ~ Hol 
2ar 2mr 2Ty 


where in the plane of the loop. @ becomes —X and r becomes y. 
The flux through the loop is along —x, and the magnitude of the flux is 


I 20cm $ 
o= fB ass=% | —-— - —Å (30 cm x dy) 
S 2m Jsem yY 
0.2 fy 
2m 0.05 V 
__ 0.3 Ho 


0.2 
= x 20 x n{ —— | =1.66x 10° (Wb). 
2n 0.05 


Problem 5.41 Determine the mutual inductance between the circular loop and the 
linear current shown in Fig. P5.41. 


Figure P5.41: Linear conductor with current J; next to 
a circular loop of radius a at distance d (Problem 5.41). 


Solution: To calculate the magnetic flux through the loop due to the current in the 
conductor, we consider a thin strip of thickness dy at location y, as shown. The 
magnetic field is the same at all points across the strip because they are all equidistant 
(at r = d + y) from the linear conductor. The magnetic flux through the strip is 


Mol 
2m(d+y) 
pol a? 2)” 
sE r 
m(d+y) 
1 
=— | d 
Liz 7 [ 12 


=H f" (a? =y?)'?* dy 
© T Jya (d+y) 


d®ı2 = B(y) -ds =z -22(a2 y) dy 


Letz =d+y — dz=dy. Hence, 


Lo 7 Lo = ,/ az = y@ —(z—d)? dz 


d—a 


_ Ho = pa AC /(a SPEER - 
Hy 
T Z 


where R = ap + boz + coz” and 


A = 4aoco — b = —4a” < 0 


From Gradshteyn and Ryzhik, Table of Integrals, Series, and Products (Academic 
Press, 1980, p. 84), we have 


R dz b dz 
[Edta f eat 


z AR zJ VR. 
rar d+ d+ 
a a 
VR = Va? d? +2dz—2?| —0—0=0. 
z=d—a z=d—a 


dz . , . . 
For / , several solutions exist depending on the sign of ag and A. 


For this problem, A < 0, also let ag < 0 (i.e., d > a). Using the table of integrals, 


d+a 


= dy | ——— sin 


v —~40 Z \ / b? = 4aoco a 
d? dz d+a 
E = sin (=) 
az z=d-—a 
= —T Vy d? — a? . 


dz 
For J Rr different solutions exist depending on the sign of co and A. 


dz 
ao =JR 


In this problem, A < 0 and co < 0. From the table of integrals, 
bo dz B bo | -1 . = peth) 


2S —_— — sin EA TL 
zJ JR 2 |y 7A beg 


_\7d+a 
= —d fsan (=)| = td. 
= z=d—a 


Liz = a, [nd -rya -a 
= Uo [a-V-a] i 


Thus 


Problem 6.7 The rectangular conducting loop shown in Fig. P6.7 rotates at 6,000 
revolutions per minute in a uniform magnetic flux density given by 


B=¥50 (mT). 


Determine the current induced in the loop if its internal resistance is 0.5 Q. 


Figure P6.7: Rotating loop in a magnetic field (Problem 6.7). 


Solution: 


p= [eas = 950 x 1073-#(2 x 3 x 1074) cos g(t) =3 x 10-> cos ọ (t), 
AY 


27 x 6 x 103 
t) = ot = ——____ 
si) 60 


®=3 x 10° cos(2007t) (Wb), 


t=200zt (rad/s), 


d® _5 : 3: 
i = = 3 x 10° x 2007msin(2007t) = 18.85 x 10`? sin(2007t) (V), 


Vemf 
lina = —— 


E = 37.7 sin(2007t) (mA). 


The direction of the current is CW (if looking at it along —x-direction) when the loop 
is in the first quadrant (0 < @ < 2/2). The current reverses direction in the second 
quadrant, and reverses again every quadrant. 


Problem 6.12 The electromagnetic generator shown in Fig. 6-12 is connected to an 
electric bulb with a resistance of 150 Q. If the loop area is 0.1 m? and it rotates 
at 3,600 revolutions per minute in a uniform magnetic flux density Bo = 0.4 T, 
determine the amplitude of the current generated in the light bulb. 


Solution: From Eq. (6.38), the sinusoidal voltage generated by the a-c generator is 
Vemf = AWBo sin(@t -- Co) =o sin( œt —— Co). Hence, 


27 x 3,600 
Vo = AWBy = 0.1 x — = — x 0.4 = 15.08 (V), 
Yo 15.08 
I= =——=0.1 (A). 


R 150 


Problem 6.16 The parallel-plate capacitor shown in Fig. P6.16 is filled with a lossy 
dielectric material of relative permittivity € and conductivity o. The separation 
between the plates is d and each plate is of area A. The capacitor is connected to 
a time-varying voltage source V (t). 


a 


Figure P6.16: Parallel-plate capacitor containing a lossy dielectric material (Problem 6.16). 


(a) Obtain an expression for Z. the conduction current flowing between the plates 
inside the capacitor, in terms of the given quantities. 

(b) Obtain an expression for Jy, the displacement current flowing inside the 
capacitor. 

(c) Based on your expressions for parts (a) and (b), give an equivalent-circuit 
representation for the capacitor. 

(d) Evaluate the values of the circuit elements for 4 = 4 cm”, d = 0.5 cm, & = 4. 
o = 2.5 (S/m), and V(t) = 10cos(3z x 1074) (V). 


Solution: 
@) d V VoA 
Ou 
R= k= 
oA’ TR d 
©) V aD OE A ƏV 
o 
=p “=g n a oo 


(c) The conduction current is directly proportional to V, as characteristic of a 
resistor, whereas the displacement current varies as dV /dt, which is characteristic 


of a capacitor. Hence, 


d £A 
R=— and C=— 
oA d 
+ + 
V(t) £0 =m» R Q V(t) 
Actual Circuit Equivalent Circuit 


Figure P6.16: (a) Equivalent circuit. 


(a) 


_ 05x10? _ 

—2.5x4x104 

4 x 8.85 x 107 x 4 x 1074 
0.5 x 10-2 


5Q, 


=2.84x 107 F. 


Problem 6.19 At += 0, charge density pvo was introduced into the interior of a 
material with a relative permittivity ¢,=9. If at t= 1 us the charge density has 
dissipated down to 10~?pyo. what is the conductivity of the material? 


Solution: We start by using Eq. (6.61) to find %: 


P(t) = poe’, 


or p 
which gives 
10s 
Inlo? = -—, 
Tr 
or 
1076 


= =1.45x107’ (©. 


~ Inlo-3 
But Tt, = £ /O = 90/0. Hence 
9& _ 9x 8.854 x 107}? 


o= = =5.5x 107 (S/n). 
Ty 1.45 x 10-7 a pran) 


Problem 6.23 The electric field of an electromagnetic wave propagating in air is 
given by 


E(z,t) = ŝ4cos(6 x 10°¢ — 22) 
+ ¥3sin(6 x 10°r—2z) (V/m). 


Find the associated magnetic field H(z,r). 


Solution: Converting to phasor form, the electric field is given by 
E(z) = i4e I” — j¥3eJ¥ (V/m), 
which can be used with Eq. (6.87) to find the magnetic field: 


H(z) = | yx 


-jou 
i î $ 2 
= — d/dx @ðjðəy @ð/əz 
JOH | 4e-jz —j3ez o 


l i e 
= —— (fbe I” — f j8e 77) 


-jou 


Converting back to instantaneous values, this is 


H(t,z) = —$8.0 sin (6 x 108z — 22) +910.6cos (6 x 105r — 2z) (mA/m). 


